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Abstract 

The Ginzburg-Landau equation dtu = 9^ti+n— on the real hne has spatially 
periodic steady states of the the form Un^p{x) = ^/l—rf q^^'^^+I^) ^ with |r/| < 1 and 
/3 G M. For ■^), /3+,/9_gM, we construct solutions which converge 

for all t > to the limiting pattern f/r)±,/3± as x — > ±00. These solutions are stable 
with respect to sufficiently small perturbations, and behave asymptotically in 
time like (1 - T/(x/\/t)2)V2 exp(i\/t iV(a;/Vi )), where N' = rj £ C°°(R) is uniquely 
determined by the boundary conditions 77(±oo) = r]±. This extends a previous 



result of [|BrK92 | by removing the assumption that ri± should be close to zero. The 
existence of the limiting profile rj is obtained as an application of the theory of 
monotone operators, and the long-time behavior of our solutions is controlled by 
rewriting the system in scaling variables and using energy estimates involving an 
exponentially growing damping term. 
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1 Introduction 



The dynamics of parabolic partial differential equations on unbounded spatial domains ex- 
hibit various interesting phenomena which are not present on bounded domains, since the 
semigroups associated to such extended systems are not compact. An important example 
is the development of so-called "side-band instabilities" for spatially periodic patterns bi- 
furcating from a homogeneous steady state. Although this problem has been investigated 
at a formal level more than 30 years ago | pi)ck65|| , only recently a rigorous approach has 
been proposed and applied to various model problems, see |PoE90a|| , ||Mi97b|| and the 
references therein. In particular, nonlinear stability results have been obtained for the 



spatially periodic solutions of the one-dimensional Ginzburg- Landau ||CEE92|| and Swift- 



Hohenberg | Sch96 | equations, as well as for the Taylor vortices in a cylindrical geometry 
|Sch97|| . These periodic patterns appear to be stable with respect to sufficiently localized 



perturbations, and the convergence of the perturbed solutions towards the equilibrium 
state is only diffusive (typically C(t^^/^)) as t — > +00. In higher dimensions, we quote 
the recent results by [[Mi97c|] and [[Uec98|] which prove the linear and nonlinear stability 
of the roll solutions for the two-dimensional Swift-Hohenberg equation. 

Following up the work of Collet-Eckmann ||CoE92|| and Bricmont-Kupiainen ||BrK92|| , 



we study here one particular aspect of the diffusive stability theory, namely the mixing of 
two spatially periodic steady states. Consider a partial differential equation on the real 
line having a continuous family of spatially periodic time-independent solutions, some of 
them being (diffusively) stable. For this system, we prescribe initial data which coincide 
with one stable pattern as x — > —00 and with another one as x — +00. The question is 
to determine the long-time behavior of the solutions arising from such initial data. 

As in ||CoE92|| , PrK92||, we investigate this problem for the Ginzburg-Landau equation 



with real coefficients 



dtu = d^u + u — \u\'^u , t>0, xG 



where u{t,x) G C. This system has a family of periodic stationary states given by 

where \ri\ < 1 and /3 G M. These solutions are linearly stable if and only if rj'^ < 1/3 
| Eck65 |, and nonlinearly stable with respect to perturbations for all < 1/3 ||CEE92|| , 



| Ga95|] . Thus, we shall study solutions of (|1 . 1| ) satisfying 



u{t,x) - f/^^,/3^(x) 



as X 



±00 , 



(1.2) 



with r]+,r]^ G (-^, ^) and G M. 

If 77+ = ?7_ and /?+ = the problem reduces to the diffusive stability of the steady 
state t/r)_,/3_- In the sequel, we shall concentrate on the most interesting case 77+ 7^ r/^, and 
make only a few comments on the intermediate situation where 1]^ = ■)]_ and /5+ 7^ 
Thus, we assume that 77+ 7^ !]_ and, without loss of generality, that /5+ = /5_ = 0, see 
( p.l|) below. If both ri^,ri_ are close to zero, it is shown in PrK92|| that, under technical 
assumptions on the initial data, the solutions of (|1.1| ) satisfying ( p..2|) converge locally as 
if: — s> +00 to the circle of steady states 8=,, = { f/7,,,/3 1 /? G [0, 27r] }, where 77=,, G ( — is 
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uniquely determined by the boundary values ri^,ri_. The main purpose of this paper is 
to generalize this result to all values of ?7+,?7_ G (~"^) "^)- 

For our analysis to work, it will be necessary to make assumptions on the behavior 
of the solutions not only at infinity, but also in the transition region connecting the two 
limiting patterns. In particular, we shall assume that the solutions stay locally close to 
the family of steady states { f/^^^ | jr^l < 1 , /3 G M }. Writing u = r e^'^, this implies that 
the amplitude r is slaved to the phase derivative rf = d^^p in such a way that r"^ + rf ^ 1 
for all times. In fact, we shall construct a class of solutions for which + ?7^ = 1 + 0{l/t) 
as t — > +00. The behavior of these solutions will be described in a good approximation 
by the phase diffusion equation 

dt^ = d4A{d,^)] , where A{r]) = a{s) ds , a{s) = ^ . (1.3) 

This equation is obtained from (|1 . 1| ) by rewriting it in polar coordinates [if, r), and then 



substituting r = yl — (S^^v^)^ into the equation for ip. 

From the results in ||BrK92|| , it is apparent that the long-time dynamics of Eq. (|1.3| ) is 



most naturally described in the scaling coordinates r = logt, ^ = x/y/t. Thus, defining 
?7(r, ^) = c?3;(y9(e'^, e"^/^^), the equation ( |1.3|) is transformed into 

r,= [A{7])]" + y, where (■) = ) and ()' = ), (1.4) 
and the boundary conditions (|1.2|) become 



lim r/(r,0 = ^- , lim ^^(r, ^ = ^+ • (1-5) 

In Section |^ below we show that, for all 77+, 77_g(— ^), Eq.(|1.4|) has a unique 
steady state rj{^) satisfying the boundary conditions (|1.5|). This profile is a monotone 
function of ^ and approaches its limits ri± faster than any exponential. If |r7-|-| <^ 1, these 
results were already obtained in |[BrK92|| using a perturbation argument based on the 



implicit function theorem. In this case, one has the approximate expression 

V47r J-oo 



Our construction is nonperturbative and relies on the monotonicity properties of the 
differential operator in the right-hand side of ( |1.4|) . At the same time, our monotonicity 
argument shows that r/ is a stable equilibrium point of ( |1.4|) , in the sense that any solution 
r]{T,^) which is sufficiently close to rj in the norm converges exponentially to rj as 
r — > -|-oo. Returning to the original variables, this implies that ^{t,x) ~ \/tN{x/\/t) as 
t — > +00, where N{^) = ri_^ + J^^[rj{s) — 'r]_] ds. 

We are now able to state our main result in a precise way. Let ri^,rj_ G {.—^, -^), 
r7_|_ 7^ ?7_, and assume that = /?_ = 0. For t > 0, we define the time-dependent profile 



U{t, x) = ^l- 7j{x/Vt )2 e*^^("/^) , (1.6) 

where rj and are constructed above. We consider initial data uq G IIj^jj^(M) such that 
||^*o(") ~ ^(^05")I|h2 < £ for £ > sufficiently small and to > sufficiently large. Then 
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Theorem O below states that the solution u{t,x) of ( |1 . Ij ) with initial condition u{0, ■) = 
Mo satisfies 

\\uit, ■) - Uito+t, OIIl- = C(t~"/') as t -> +00 , (1.7) 

for any z/ G (0, 1). In particular, setting 77* = r/(0) and = A^(0) 7^ 0, we have for all 
Xo > 0: 

sup \u{t, x) - U^^^^^^tix) I = 0(t-^/^) as t ^ +CX) , (1.8) 

|x|<xo 



see Corollary 4.3 



This result shows that the solution u{t, ■) converges uniformly on compact sets to the 
circle of steady states S^, = { Uri^^p | /? e [0, 27r] }. Following ||MiS95|| , we can also study the 
convergence in the weighted norm and the uniformly local norm Hj^ (see ( [4.2|) below 
for the definitions). We find 

lim distni {u{t, ■), S*) = , and liminf distni {u{t, ■), S*) > . 

Indeed, in the topology the solution u(t, ■) approaches 8=,, sliding along the circle with 
nonzero speed hence the cj-limit set of u{t, ■) is equal to S*. In the Hj^ topology 

the tu-limit set of u(t, ■) is empty. 

The main ingredient in the proof of our convergence results is the use of the nonlinear 
change of variables defined hj u = re^'^ and 

^(r, = e-^/V(e^ e^/^O - m , sir, = log ( -r^^Pf^^^S^TT^) ■ (1-9) 



l_[5^.^(e^,eV2^)]2 

Remark that s = is equivalent to + {dx'p)'^ = 1, hence s measures the slaving of the 
amplitude to the phase derivative. Note also that s has the same regularity as ip' = d^ip. 
The new functions {ip, s) are solutions of a quasilinear nonautonomous parabolic system 
given by (|2.12|) below. In Section |^, we show that this system is locally well-posed in the 
space H^(]R) xII^(]R). In Section ^, we prove using various energy estimates that the small 
solutions {ip, s) of ( p.l2| ) satisfy 

||V^(r)||H2(M) = 0(e-^n, ||s(r)||Hi(M)=O(e-0, r +00 , (1.10) 

for all 7 G (0, |), see Theorem [4.1| . Returning to the original variables, this implies the 
convergence result ( |1.7| ). 

We conclude this section with a few comments on possible generalizations. Without 
any additional difficulty, we can extend our results to cover the equation 

dtu = dlu + h(\u\'^)u , 

where h : [0, 00) — R is a smooth, decreasing function such that /i(0) > and h{s) < for 
sufficiently large s. This equation has stationary sates = H{rfY^'^e^'^'^^^^\ where \ri\ < 
h{0) and H = h~^. The Eckhaus stability criterion takes the form H{7f) + 27fH'{7f) > 0, 
and thus is satisfied for all rj in a symmetric interval {—r]o,rjo). The phase diffusion 
equation (|1.3| ) becomes 

dt^ = d^Aid^if)] , where A{7]) = Hi + 2s'H'{s^)/H{s^)] ds. 

Jo 



For all ?7+, r]^ G {—rjo, t/q), the arguments of Section ^ show the existence and uniqueness 
of the steady state rj satisfying (|1.4|) , (|1.5|) , and the stability of this profile is proved as in 
Sections | and ||. 

Finally, an interesting open problem is the diffusive mixing in parabolic equations 
without phase invariance, such as the Swift-Hohenberg equation 



dtu 



d. 



2\2„ 



U 



eu 



u 



e > 0. 
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This equation also admits (if e is sufficiently small) a continuous family of spatially pe- 
riodic steady states, whose stability has been proved recently |[Sch96|| , |[EWW98| . In 



addition, the solutions of ( 1.11|) are well approximated for a long (but finite) interval of 
time by those of ( |1.1| ), see ||CoE90b|| , [[KSM92|| . Therefore, a natural question is whether 
the results of this paper can be extended to the higher order equation ( |1.11|) . 

The rest of the paper is organized as follows. In Section 0, we reformulate our problem 
in terms of the scaling variables r, ^ and the new functions ip, s. In Section |], we prove 
the existence of the steady profile rj, and give a few general results on the dynamics 
of the phase diffusion equation ( p. .41 ). Section H contains the precise statements of our 
convergence results in both the original and the rescaled variables. The local existence of 
solutions for the {ip, s) system ( p.l2[ ) is proved in Section ||, and Section || is devoted to 
the proof of our main result (Theorem f4.1|) using energy estimates. 
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2 Reformulation of the problem 

Let r7+,77- G {^^1^)1 P+yP- ^ l^t u(t,x) be a solution of ( |1.1| ) satisfying 

u{t,x) 7^ for all Introducing the polar coordinates (</?, r) via u = re"^, we assume 
that the boundary conditions ( |1.2| ) hold, namely 



(p{t, x) — rj±x — /3± — *■ , r{t, x) ^ yl — r]'^ , as a; — *• ±00 . 

We suppose from now on that r]^ ^ ri_, and refer to the end of this section for a comment 
on the simpler case 1]^ = ri_. We first observe that, due to the translation and phase sym- 
metries of the Ginzburg-Landau equation ( |1 . 1|) , there is no loss of generality in assuming 
j3+ = P- = 0. Indeed, this amounts to replacing u(t,x) with u(t,x — xo)e~"^", where 

xo = , v^o = . (2.1) 

V+ -V- v+- V- 

Assuming thus P± = 0, we obtain for (</?, r) the system 

dtip = dlif + 2^d^ip , dtr = dlr + r(l - - [8^^) , (2.2) 
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together with the boundary conditions ip{t, x) —r]±x 0, r{t, x) ^/^ — V± as x — > ±00. 
For later use, we also introduce the local wave- vector ri{t,x) = dxf{t,x), which satisfies 

dtrj = d^r] + 2dx I — I , r]{t^ x) ^ r]± as x — *• ±00 . 



As explained in the introduction, we shall use the scaling coordinates r = logt, ^ = 
x/\/t to investigate the long-time dynamics of the system ( |2.2| ). Defining 

we obtain the rescaled system 

f, = v" + lv' + 2(^^J , P = p" + lp' + e-p{l-p'-v') , (2.3) 

where [ ) = dr{ ) and ( )' = ). This nonautonomous system has an asymptotic 
equilibrium point (r/, p) (as r +00) defined by p ^ = 1 — 77 ^ and 

IMV)]" + = , where A{ri) = P ^ ~ ds . (2.4) 
2 Jo 1- s-^ 



In Theorem |3.1| below, we show that the differential equation (|2.4| ) for r] has a unique 
solution satisfying rj{C,) —>■ ti± a.s ^ —>■ ±00. This solution is monotone in ^ and approaches 
its limits ri± faster than any exponential. In addition, we have 



/ m) - VooiO] = , where r]oo{0 
Jr 



. (2.5) 
?7_ if ^ < ^ ^ 



The main purpose of this paper is to prove that, for suitable initial data, the solution 
(?7, p) of (|2.3|) converges to (j],p) as r — ^ +00. For the phase (p(t,x), this will imply the 
long-time behavior 

[viO - V-] = V+x - Vi [^{0 - V+] , (2.6) 

■00 J x/^/i 

since d^fit, x) = rfit, x) ~ rj{x/ \/t) and (f{t, x) — r]±x — > as x ^ ±00 (note that the two 
expressions in the right-hand side of ( |2.6|) are identical due to (|2.5|) ). This motivates the 
following ansatz for {p{t,x). Let 

/? r+oo 

[vis) - r/„] ds = V+^- ivi-s) - V+] ds . (2.7) 
■00 

We define 

or equivalently 

(^(t,x) = v^[iV(x/v^) +V^(logt,x/v^)], r{t,x) = p(\ogt,x/Vt). (2.9) 
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Then ■?/'(r, ^)^Oas^ — >±oo, and ( |2.2|) is transformed into 

^ = (iV + ^)" + |(iV + ^)'-|(iV + V') + 2^r/ 
p = p" + y + eV(l - - , 



(2.10) 



where r] = {N + ip)' = r] + ip'. 

By construction, we expect that the solution {ip,p) of (|2.10|) converges to (0,p) as 



T +00, where p ^ = l — i]^. Assuming this to hold, we deduce from the second equation 
in ( glOD that p(r,0^ = 1 - vir,0^ + 0{e-^). This is the so-called "slaving" of the 
amplitude p to the phase derivative 77. To take this behavior into account, we parametrize 
the amplitude p with the new variable s defined by 



p = ^1 - ry2 = ^1 _ + ^/)2 _ (2.11) 
After some elementary calculations, we obtain the following equations for ip, s 



2^ 2 

s = ai(r/)s" + 02(77)7/" + |s'-2e^(l-r72)(e'^-l) + is'2 + a3(r/)V' 



:2.12) 



where rj = rj + tp' . The coefficients a = A' and ai, 02, 03 are given by 



/ N l-3r?^ , ^ IW , ^ -47?3 , , -2-67/2 ^^^^^ 

"(^) = 1 Y ' "i(^) = 1 2 ' "2(^7) = 7^ ^ , a3(^) = Y^ ^ • (2.13) 

This is the final form of the problem which is the basis of our analysis in Sections 
^ and p. In particular, our main result (Theorem |4.1| ) will show that sufficiently small 
solutions (?/', s) of (p.l2|) satisfy the decay estimate (|1.1CI|) . Remark that there is now an 



imbalance in the number of spatial derivatives of tp and s in ( p.l2| ), since the s-equation 
contains r/" = 77" + ip"' ^ whereas only s' appears in the ■^/'-equation. This derives from the 
fact that p is slaved to t] = rj + ip' . Due to this imbalance, we also have to consider the 
equation for S = ip' = t] — rj which reads 

S = [A{^+6) - A{^]" + IS' + {iv+S)sy . (2.14) 

Remark. When 7/+ = 7/_, the discussion above remains valid, except for an important 
difference : if /5+ 7^ it is no longer possible to reduce the problem to (3± = using 
the symmetries of the Ginzburg-Landau equation. As a consequence, the function ip{T,^) 
defined by ( p.8|) has non trivial boundary values ip{r, ±00) = P±, and J (5(r, ^)d^ = 
(3+ — (3- 7^ 0. It follows that (5(r, ■) converges to zero like 6""^/^ as r ^ +00, and not faster 
as in the previous case. Indeed, since rj{^) = 7/+ = 7/„ is now constant, the linearized 
equation ( |2.14| ) becomes 



5 = aS" + + rjs" , where a = a{rj) . 

As is well-known, the largest eigenvalue of the operator a(9| + |(9g is —1/2, with eigenfunc- 
tion ci;(^) = (4™)"^/^ exp(— ^2/4a) and adjoint eigenfunction 1. Since s(r, ■) = 0{e~'^) 
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due to the slaving, we conclude that S{t,^) ^ e ^/^m(^) as r ^ +00 , where m(^) = 
— /?_)c<j(^). Therefore, a natural ansatz for ip is i'ir,^) = e^''/^M(^) + 0; where 

With this definition, the equations for x, s are 

X = [Airj + e-^/2m + - A{r, + e-^/^m)]' + fx' - |x + + A , 
s = ai{ri)s" + a2{'n)i' + y -2e^{l-i^^){e'-l) + \s'^ + aMi\ 

where t] = rj + e~'^^'^m + x' and A(r, ^) = e~^/^[a(?7 + e^'^^^m) — a(r/)]m' = 0{e~^). Then, 
proceeding as in Section]^, one can show that ||x(r, ■)||h2 = 0{e~'^'^) and ||s(r, ■)||hi = 
0(e-^) as r +00, for all 7 G (0, 3/4). 



Remark. An important features of the Ginzburg-Landau equation are its symmetry 
properties which are essential to our analysis in several respects. Eq. ( [I.ID is invariant 
under the phase rotations Pa and the translations in time Tz and space Sy defined by 



T 

Sy 

Pr. 



(t, x,u) (t + z,x,u), z E . 
{t,x,u) {t,x + y,u), ye. 
(t, X, m) ^— (t, X, e'°M), aE 



(2.16) 



For the transformed system ( p.3| ), the rotation Pa is trivial, and the translations T^, Sy 
become 

T, : (r,e,r7,p) ^ (r+ log(l + e'^^;), Vl + e-z, r], p); 



[2.17) 



The transformation rules for ip{T,C,) and 5(r, ^) are more complicated and will not be used 
in the sequel. 



3 The phase diffusion equation 

In this section, we first prove the existence of a unique solution rj{C,) of (p.4|) satisfying the 
boundary conditions rj{C,) —>■ r]± as ^ ^ ±00. We next study the structure and dynamics 
of the phase diffusion equation (or slaved equation) 

^ = [Ai?j+i;')]' + ^{?j+i;')- i(iV + ^), (3.1) 



which is obtained by setting s = in the ■j/'-equation of ( ^.121 ). Since s(r, ■) decays to 



zero like e as r +00 due to the slaving, it is reasonable to expect that the long-time 
dynamics of the full system ( |2.12| ) is well approximated by (|3.1|), even though s = does 



not define an invariant submanifold. In addition, some structures of the full problem can 
be understood better on this simpler model. We begin with the existence of the steady 
state: 



8 



Theorem 3.1 

(a) For each 77+, 77- E i^^^^) there exists a unique rj E C^(M, (— -^)) solving 

[Mv)]" + 1^7' = on R, and ^(0 ^ r^i as ^ ^ ±00 , (3.2) 



where A{ri) is defined in 

(b) The solution rj is constant if 77+ = rj- and strictly monotone otherwise. In addition, 
for each C > we have sup{ e*^l^l|r/'(^)| | ^ G M } < 00. 

(c) The function rj satisfies 

I m)-Voom de = Q and [ e[i7(0-^oo(0] = A(r/_)-A(r7+) , 

where r]^ is defined in {^^. Setting ip^ = [//(^ - = J^^ [77+ - 7/(^)] d^, we 

have sign(y9=K) = sign(7/_|_— 7/_), and hence 7^ if 7/+ 7^ rj^. 

Proof: Let rj^^rj^ E The existence of the steady profile rj will be obtained 

using the theory of (nonlinear) monotone operators. First, choosing e > sufficiently 
small, we modify a{r]) = (1 — 3?7^)/(l — r/^) outside the interval containing ri_^.,ri_ in such 
a way that the resulting function (still denoted by a) is C°° and satisfies 1 > 0(77) > 
e > for all 7/ G M. Accordingly, the modified primitive A{ri) = a{y) dy verifies 
(7/1 — ri2){A{rii) — ^(7/2)) > ~ V2Y for all 7/1,772 G M. Next, we choose a smooth, 
monotone function : M — M such that 

K(OI<C^e-l«l, |n(0 - 7/00(01 < C^e-I«l , / KO - ^oo(0] d^ = , 

Jr 

for some C > 0, where 7700 is given by ( p.5|) . In analogy with ( p.7|) , we set 

/$ /•+00 
[72(5) - 7/_] ds = 77+^ - / [n{s) - 7/+] ds , 
-00 

and we observe that \N{^) — ^n{$,)\ < Ce~'^'. Finally, we define the operators Bi : 
Hi(M) ^ and S2 : £'(5) C ^(M) ^ H-i(M) by 



Si(^) = -[A(72+^')]' + |^ , (3.3) 
^2^^ = -1^' . 



D{B) = G Hi(M) le^' G H-i(M)} , 

The program is to show that the nonlinear equation 

B,{^) + B,^ = l[en(0 - iV(0] G H-i(M) (3.4) 
has a unique solution ip E D{B) C H^(M). Then, rj = n + ip' will be the desired solution 

of (pD. 

To prove the existence and uniqueness of the solution of ( p.4| ), we first observe that 
i?i,i?2 are coercive (or strongly monotone) operators, with 

(5i(^i)-5i(V'2),V'1-V'2)h-1xH1 > e\\tP[-tlj',\\l + 1^1-^2111^^1, tp2ER' , 
(52(^1-7/;2),V'1-V'2)h-1xH1 = i||^l-^2|lL2 VV'1,^2 e ^(5) • 



Clearly the nonlinear operator Bi is maximal monotone as it is continuous (from into 
its dual H~^) and monotone, see ||Zei90|| Proposition 32.7. On the other hand, the linear 



operator B2 is densely defined, and a direct calculation shows that the adjoint operator 
i?2 satisfies D{Bl) = D{B) and B^ = —B2 + ^. Thus B2 is closed, B2 is monotone, 
hence B2 is maximal monotone by ||Zei9CI|| Theorem 32. L. Since mtD{Bi) fl D{B2) 



H^(M) n D{B) = D{B) ^ 0, it follows from the "sum theorem" (see ||Zei90|| Theorem 
32.1) that B = Bi + B2 : D{B) H^^(]R) is maximal monotone. As B is also coercive, 
we conclude that B is one-to-one from D{B) onto H~^(]R) ( ||Zei9(]|| Theorem 32. G), hence 
there exists a unique ^ D{B) C H^(M) such that ( p.4|) holds. 

It remains to show that ijj is smooth, and that rj = n + ip' remains in the interval 
between rj^ and r]_ where no modification of a was needed. Since a{ri) = A'{ri) > e > 0, 
classical regularity theory for ordinary differential equations applied to ( |3.4| ) shows that 
ip is as smooth as the coefficients in the equation, namely ip G C°°(M). Hence rj = n + ip' 
solves 

[A{rf)f + -if = , or equivalently {a{rf)ri')' = -^^^ ■ 
Integrating this equation, we obtain for any ^0 ^ 

From this representation, it is obvious that rj'{C,o) cannot vanish unless rj is identically 
constant, hence rj is a monotone function of ^ G M. In addition, since a{rf) > e > 0, 
it follows from ( p.5|) that rj' converges to faster than any exponential as ^ — ±00. 
Therefore, rj converge to some limits as ^ ^ ±00, and these limits must be the boundary 
value rj± prescribed by n, since rj—n = ip' E L^(R). Thus, parts (a) and (b) are established. 
The relations in (c) follow from ( |3.2| ) by partial integration, taking care of the jump of 
T^oo at ^ = 0. Finally, sign(y9*) = sign(?7+— since rj is strictly monotone if 77+ 7^ □ 



Strictly speaking, the remainder of this section is not needed for the proof of the main 
results as given in Section ^. However, the statements and proofs given here for the slaved 
problem (p.l|) help to understand the analysis of the more difficult full problem ( p.l2|) . 
Moreover, the arguments here show that our decay results are in a certain sense optimal. 

In the above theorem we used the fact that the steady part of (|3.1| ) has a monotone 
structure. This in fact implies that the dynamics of ( |3.1| ) is rather trivial: all solutions 
are contracted with prescribed rate towards the unique steady state ip = Let '0i,V'2 be 
classical solutions of ( PTTD in Yi^{R) satisfying rj{^) + i>j{r,^) E i-^, -j^) for all r > 
and ^ G M. Then 

WMr, ■) - Mr, ■)\\lHr) < e-'"/1|^i(0, ■) - ^2(0, OIIl^cm) , (3.6) 
for all r > 0. This follows from the energy estimate 

+ UA-M)[iW-M) - K^i-^2)]de 
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The first integral in the last row is nonnegative since A is monotone, namely, A'{ri) = 
airf) > implying (jji—rj2){A{rji)—A{ri2)) > 0. Applying Gronwall's inequality, we obtain 

We now consider the linearization of the phase diffusion equation at the origin, 
and we discuss the spectral properties of the corresponding differential operator : if) ^ 
[a{rf)il)'\ + ^ip' — According to ( p.6| ), the spectrum of L in L^(M) is contained in the 
left half-plane VLq = {z E 'C\'Re{z) < —3/4}. In fact, our next result will show that 
cr(L) = ^0 in L^(M), so that the estimate ( p.6| ) cannot be improved. However, the upper 
bound of the spectrum depends on the function space, and can be shifted to the left if we 
impose a faster decay at infinity. To see this, we introduce for £ > the weighted space 

= L2(M, (1 + ^2^M0 equipped with the scalar product {ip,ip) = J^ip^{l + 
Then the following holds: 

Proposition 3.2 

Let i > and let L : -D(L) C — > X^ be the linear operator deGned by D(L) = {ip G 
X^ I ^" G X^ , e X^ } and = (a(^V'')' + - for all ^ e D{L). Then there 
exists a sequence {Xn}n>i C. ]R_ independent of i such that the spectrum of L is 

a(L) = {\n\n>l}U{z eC\Re{z) < -3/4 - i/2} . 

In addition, Ai = —1, A„_|_i < A„ for all n > 1, A„ — — oo as n ^ +oo, and A„ is a simple 
(isolated) eigenvalue of L for all n such that Xn > —3/4 — i/2. 



Remarks. 

1) In the case where t]^ = t]_ = rj, it is known that A„, = —{n+l)/2 for all n > 1, see for 



instance ||GR97|| . The remarkable fact that Ai = — 1 is the largest isolated eigenvalue of 
L for all ?7+,?7- originates in the translation invariance in time of the Ginzburg-Landau 
equation ( |1.1| ), see the discussion at the end of this section. 

2) Proposition p.2| gives the upper bound max{— 1, —3/4 — i/2} on the real part of the 
spectrum of L in X^. Thus, even for rapidly decreasing initial data, the solutions of (|3.1|) 
do not converge to zero faster than as r ^ +oo. 

Proof: Throughout the proof, we denote by Qi the half-plane { z G C | Re (2;) < —3/4 — 
i/2}. Let = a(r/(^)), and let 7(^) be the solution of the differential equation 
^KOl'iO + ^7(0 = with initial condition 7(0) = 1. By Theorem ^A\ , b{^) con- 
verges (faster than any exponential) to positive limits b± as ^ ^ ±00, hence 7(^) = 
C(exp(-^V86±)) as ^ ^ ±00. 

For all A G C, it is easy to verify (using asymptotic expansions) that the linear ODE 
Lip = Xip has two independent solutions iljf,ilj2 satisfying 

iptio = e^'' (1 + oir')) , ^tio = r'^'^-'hio' (1 + o{r')) , 

as ^ — i> -|-oo. Similarly, there exist independent solutions 1^1,1^2 such that 

^r(0 = (1 + om-')) , ^,-(0 = 1^1-^(^+^)7(0' (1 + om-')) , 

as ^ ^ —00. Therefore, if Re (A) < —3/4 — i/2, any solution ip to Lip = Xip belongs to 
X^, so that A is a double eigenvalue of L. This shows that cr(L) D fl^. 
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On the other hand, if A is any eigenvalue of L with Re (A) > —3/4 — ^/2, then (by the 
same argument) A is simple and the corresponding eigenvector ifj decays like |^|^^''^^^'*7(0^ 



as ^ — ±00. Thus, setting ip{^) = 7(0 
Aip = Xip, where 

Since b{^) b± and V{^) +00 as ,^ — 
chapter 9) that A is self-adjoint in L^(]R 



'^i^i^), we see that ip e IP 
and ViO = ^ ' ^ 



is a solution to 



±00, 



166(0 

it is well-known (see for instance 



CL55 



and that its spectrum consists of a sequence 
{An}n>i of real, simple eigenvalues satisfying A„+i < A^ and A^ — > —00 as n — *• -f-cxo. 
Moreover, the eigenfunction y9„ associated with A„ has exactly n zeros in M. This proves 
that, for all > 1, A„ is an eigenvalue of L with eigenfunction ipn = ly^n, and that 
the sequence {A„}„>i exhausts the discrete spectrum of L in the half-plane Now, 
a direct calculation shows that Ltp = —ip, where = 2b{C,)rj' [C.) if ?7+ 7^ ?7- and 

■0(0 = exp(— ^^/46) if ?7+ = Since has no zero in R, it follows that Ai = —1 and 

It remains to verify that L has no essential spectrum in VLI (in other words, if A G 
(j(L) nfi^, then A is an isolated eigenvalue of L with finite algebraic multiplicity.) To prove 



this, we use the change of variables defined by y 
Then (LV')(0 = ('^^x)(5(0), where 



B{i) = j'b{zyy^dz,m = x{B{i)). 



x"{y) + Ix'iy) - \x{y) + D{y)x'{y) = (Lox)(y) + Diy)x'{y) 



and 



D{y) 



b'iO 



From [ GR97 |, we know that crcss(Lo) = in On the other hand, it follows from 
the Rellich criterion ([ [RS72|] , theorem XIII. 65) that the operator dyliQ^ is compact in 
X^. Indeed, there exists a constant C > such that, for all G with ^ 1? 

the function x = dy(LQ'^tp) satisfies Hxllx*! < C, \\yx\\x'' < C, Wx'Wx'' < C. Since the 
function D{y) is bounded, we conclude that £ is a relatively compact perturbation of 
Lq. Now, it follows from a classical theorem ( |[He81 ], theorem A.l, p. 136) that either 



Qi, or the half-plane flj is filled with eigenvalues of C The second 



possibility is of course excluded, hence we have shown that cress(L) = crcss('^) = 



□ 



Finally, we show that the eigenvalue Ai = — 1 of L is related to the symmetry prop- 
erties (|2.16| ) of the Ginzburg-Landau equation ( |1.1| ). It is advantageous to discuss these 
symmetries for the slaved equation for rj given by 

V = [Aiv)]" + y ■ (3.7) 

As was already mentioned, the phase rotation Pa leaves rj invariant, but the symmetries of 
time translation and space translation Sy as given in ( p.l7| ) are nontrivial. In addition, 
( p.7|) is autonomous, a symmetry which was not present in the original system (|2.12|) , due 
to the factor e"^ in the right-hand side. Therefore, if //(r, is a solution of ( ^.7[ ), then for 
every TQ,y, z G M the function 

Vro,yA'r,0 = V (r+log(l+e-^z) + To, {^+e^^/^y)/Vl+e-z^ 
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is also a solution. 

If ?7+ 7^ T]_ we may choose for r] the steady state rj and obtain a two-dimensional 
invariant manifold 

M = {v{{- + y)/VT+^)\yeR, z>-l} 

which is invariant under the flow of ( |3.7|) . Using y and z as coordinates on this manifold 
the reduced flow is y = —\y and i = —z. As a consequence, if K : 5 i-^ [a(r/(^))5]" + 
is the linearization of (p.7|) at the steady state rj, we have 



Ki7' = -^^', and K(e^') = "(e?) , 



since 5jy[5'yrji] = e '^/'^rf' and ^zfT^r]] = e '^(— 

1^=0 2 = 

Thus, Aq = —1/2 and Ai = —1 are eigenvalues of K for all 77+,77- G (~:^7"^)- 
Since the operators K and L are related by [L?/;]' = K?/;', it follows that Lr/ = —^rj and 
L'?/'o = —ipo, where ipo{C,) = 2a{7]{^))rj' {^) is the primitive of —^rj'. This explains the 
eigenvalue Ai = — 1 of L in the general case 7^ (Note, however, that —1/2 is not 



an eigenvalue of L, since rj does not decay at infinity.) In addition, using Proposition ^ 
and the relation [Liip]' = Hip', it is easy to show that the spectrum of K in the weighted 
space is given by a(K) = {A„|r2>0}U{zGC|Re(;z)< -1/4 - £/2 }. 

In fact, the global manifold Ai above is a special case of the local spectral manifolds 
as constructed in |[Way97|| . This recent theory for partial differential equations on un- 



bounded domains uses rescaling and weighted norms to generate discrete spectra which 
then allows for a separation of the spectrum into a finite dimensional part and the re- 
mainder. Combining the arguments there and our Proposition 2]2| it should be possible 
to show that for all ^ > and all initial data t]q such that distx<?('7o; is sufficiently 
small, there exist y,z ^M. such that the solution r] of (|3^ ) with 77(0, ■) = ?7o satisfies 

Mr, ■) - ^((- + e-^/'y)/VlT^ ) \\x^ = 0(e-°-) , 

as r — +00, for all a < min{— A2, 1/4 -|- i/2}. Clearly, only the case £ > 3/4 gives 
interesting results, since a > 1 is necessary to isolate the coordinate z properly. 



4 Convergence results 

This section contains the convergence results for the diffusive mixing solutions. We first 
state our main result for the {ip, s) system ( |2.12|) , and then we transform it back to the 
original equation ( |LlD . 

Theorem 4.1 

Let ri^,ri^E{ — 7^,^)7 V+ V~j let rj be given by Theorem ^J] , There exist eo > 



and To > such that, for all {ipQ, sq) G II^(]R) xH^(]R) satisfying H-i/^ollHa + ||so||hi < ^o, the 
system (|2.12|) has a unique global solution {ip,s) G C([ro, 00), H^(R) xH-'^(R)) satisfying 
(ipiTo), s(to)) = {ipo. So). Moreover, for all 7 G (0, 3/4) we have 



|H2 



0(e-^") and \\s{t, = 0{e'^) as r +00 . (4.1) 
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We shall prove Theorem ^4.1| in several steps. In Section ^ we prove a local existence 
result for the solution {ip, s) of the system (|2.12|) in the space H^(M)xH^(M). In Section |] 



we introduce several energy functionals to control the behavior of the solution on the 
interval of existence. We derive differential inequalities for these functionals which imply, 
in particular, that for large tq every solution arising from sufficiently small data at time 
T = tq exists and remains bounded for all subsequent times. Then, using the differential 
inequalities again, we show that the solution converges exponentially to zero as r ^ +00. 

These estimates are rather intricate for two reasons. Firstly, our system is nonau- 
tonomous through the factor e"^ in the equation for s. This factor, which amounts to an 
exponentially growing damping, is very essential since it is responsible for the slaving of 
the amplitude p to the phase derivative rj = rj+ip'. Note that the right-hand side of the 
equation for s does not vanish for {ip,s) = 0, hence the origin is only an asymptotic fixed 
point of (|2.12| ). Secondly, as was already mentioned in Section |^, there is an imbalance 



in the number of spatial derivatives in ( |2.12| ) which forces us to study this system in the 
rather unusual space H^(M) xH^(R). In this space, (|2.12|) behave like a quasilinear system, 
although the original equation ( p..!] ) is semilinear. 

We now translate Theorem |4. 1| back to the original variable u = a/1 — gv^[^+V']_ 
Since the function u does not decay as \x\ 00, it is convenient to use the uniformly 
local Sobolev spaces Hf^(]R), see | |lVliS95| , |Mi97a| ] . These function spaces are equipped with 



two different norms: a weighted norm (H^ norm) and a uniformly local norm (Hf^ norm). 
Without loss of generahty, we choose here the weight function w{x) = l/(l+x^). For 
k E N, we define 

\Mlt= w{x){\u{x)\^+...+\d^u{x)\^)dx, \\u\\^,^ = sup\\u{-+y)\\uk^. (4.2) 



In particular, one has C^(M) C H[^(M) C L°°(M) and < C'||m||hi (k) for some C > 0. 

For all Mo G Hf^(M), k E N, the Ginzburg-Landau equation ( |1.1| ), has a unique global 
solution u e C([0,oo),Hi';(M)) with m(0, ■) = Uq (see ||Col94| , |MiS95|| ). We now consider 



special initial conditions which are close to the mixing profiles ( [1.6|) associated with rj. 
Our result is 

Theorem 4.2 

Let ?7+, ?7_g(— -^), r]^ 7^ ?7-, and let U be given by (|1.6|). There exist > and e > 

such that, for all Uq G II^u(^) satisfying \\uq — U{to, ■)||h2 < s, the unique solution u of 
(|L1]) in H2^(M) with u(0, ■) = % satisfies, for all v G (0, 1), 



\\u{t, ■) - [/(to+t, OIIh^, = o{t-^i^) , II \u{t, ■)\ - |?7(to+t, ■)! = o(r^^/^) , (4.3) 

as t ^ +00. 



Remarks. 

1) The loss of regularity from to is generated by the imbalance in the number of 
derivatives of ip and s in (p.l2|) : we need an condition on the data to ensure that 

G H^, but since s G we can only recover an regularity in our results. 

2) The initial perturbations are assumed to be small in the norm, but our convergence 
results are formulated in the uniformly local norm || • ||hi only, because we want to keep 
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the optimal decay rate in time. Indeed, since the estimates for {ip, s) are obtained in H*^ 
norms with respect to the diffusive variable ^ = x/v^ (Theorem [4.1|) , we lose a factor 
t^/^ when transforming the results back to the corresponding H'^ norms with respect to 
the original variable x. For instance, we find || \u{t, ■)] — \U{to+t, ■)] ||hi = since 
the amplitudes are just rescaled but do not involve a prefactor like for the phase (p. 
However, it is not possible to give a definite decay rate for \\u{t, ■) — U(tQ+t, ■)||hi unless we 
impose further spatial decay properties. Assuming the perturbation to lie in (together 
with the first two derivatives) it is possible to improve the decay in ([4.1| ) to (9(e~"^) for 
all a < min{l, 3/4+£/2} (see | [BrK92[ | and the arguments at the end of Section ^ above). 
Then \\u{t, ■)—U{to+t, = C(t^/'^~") can be concluded, which gives a positive decay 
rate whenever i > 1/2. 

Proof: Let to = e'^", where tq is given by Theorem If uq G H^^(]R) satisfies \\uo — 



U{tQ, •)||h2 < ^ for some sufficiently small e > 0, there exists a unique pair of functions 



{^o,So) e"H2(M)xHi(M) such that 



In addition, one has ||'?/'o||h2 + IIsqUhi ^ Ce for some C > 0. Thus, if Ce < Eq, Theorem ^?T| 



shows that the unique solution of ( 2.12 ) in H^(M) xII-'^(R) with initial data {ipo, sq) satisfies 
\\iP{t, ■)||h2 + \\s{t, ■)||hi = 0{e~''^'^) as r — > +oo, for all 7 < 3/4. In particular, we have 
for all u < 1: 

J^wix){r+^''+s'){x/Vi,\ogt)dx < Csup^,K(^'+^"+s')(e,logt) = 0(r3-/2) , 

j^wixw'+s"){x/vi,\ogt)dx < cvtj^ir' + s")i^,iogt)d^ = oit-n , 

where w is the weight function l/(l+a;^) or any translate of it. Using these results, it is 
straightforward to verify that the unique solution u{t,x) of (|l.lj ) in Hj^y(R) with initial 
data Uq is given by 

uit, x) = v/l-(^(0+^'(r,0)^e^(-'«)/2 ^mm+Hr,^)] , „ith r = log(t+to) , ^ = , 
and that the decay estimates ( [4.3|) are satisfied. □ 



Theorem [4.2| implies that, up to a time-dependent phase, the solution u{t, x) converges 
uniformly on compact sets to the stationary solution y/f — rj^e^'^*^ as t ^ +00, where 

?7* = rj{0). Indeed, setting (/j^, = A^(0) = J^^iviO ~ V-)^^ 7^ as in Theorem ^ 
have the following result (see also ||BrK92|| ): 



we 



Corollary 4.3 

Under the assumptions of Theorem |4.4 we have for all xq > and all v G (0, 1) the 



estimate 

sup |M(t,a;) - v^I^e'[^'^*+^*"]| = 0(t-"/'), t ^ +00 , (4.4) 

|a;|<xo 

where rj^ = rj{0) and ip^, = N{0). 
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Proof: Since ?j{x/Vt) = T]^ + 0{t-^/^) and VtN{x/Vi) = Viy3^+T]^x+0{t-^/^) uniformly 
for |x| < Xq, this result follows immediately from the first estimate in (^4.3| ). □ 



Remark. In the case where both 7]+, ry_ are close to zero, the estimate ( [4 .41 ) is obtained in 
BrK92|| with the better decay rate 0{t~'^^'^) for the remainder. As was already mentioned 



in the previous remark, this is because we allow for initial perturbations with only L 



2 



decay at infinity, while in [PrK92|| stronger norms are used which imply in particular that 



the perturbations lie in X with i > 1. 



5 Local existence 



In this section, we prove a local existence result for the solutions {ip, s) of the system (|2.12|) 
in the space H^(R)xH^(M). Although it originates from the simple Ginzburg-Landau 
equation ( |1.1| ), this system in nonautonomous due to the change of variables (|278|). In 
addition, the nonlinear transformation (2.11) forces us to study it in the unbalanced space 



H^(M) xH^(]R), where it behaves like a quasilinear system. For these reasons, we have to 
take special care of the regularity of the solutions and the length of the local existence 
intervals. 

Throughout this section, we assume that G {—:^, and that rj is given by 



Theorem 3.1. Our result is: 



Proposition 5.1 

There exist si > 0, Ti > 0, and Ki > 1 such that, for all ti > and all {tpi, si) G 
H^(R)xII^(]R) such that WipiWn^ + ||si||hi < £i, the system ( |2.12|) has a unique solu- 



tion (V^,s) G C([ri,r2],H2(M)xHi(M)) satisfying {ipin), s{ti)) = where T2 

Ti + log(l + Tie~^^). This solution depends continuously on the initial data (ipiy^i) 
H^(M)xH^(M), uniformly in t G [Ti,r2]. Moreover, the bound 

||^(r)||H2 + ||s(r)||Hi < i^i(||^i||H2 + pi||Hi + e^K^-n)) (5.1) 
holds for all r E [ti, T2]. 

Remarks. 

1) Here and in the sequel, we simply write iIj{t),s{t) instead of iplr, ■),s(r, ■) when no 
confusion is possible. 

2) In particular. Proposition ^ implies that, if {ip,s) G C([ri, r*), H^(M) xII^(]R)) is a 
maximal solution of ( p.l2|) which satisfies ||'?/'(t)||h2 + ||'S(r)||Hi < £1 for all r G [ri,r*). 



then actually r* = +00, i.e. the solution can be continued to the whole interval [ri, +00). 
3) The proof shows that the solution ^/^(r, ^), s(r, ^) of ( p.l2|) is a C°° function of r, ^ for 
all T > Ti. However, it is not true in general that {ip,s) G C'^((ri, r2], H^(M) xH^(M)) for 
k > 0, unless we assume in addition that ipii^), si(0 decay sufficiently fast as |^| 00. 
Proof: Instead of working directly on ( |2.12| ), we shall use the change of variables ( |2.9| ), 



( 2.11 ) and solve the corresponding initial value problem for the simpler system ( p.2|) . Let 
Ti > 0, and let {ipi, si) G H^(M)xH^(R) be initial data for ( |2.12D at time r = n satisfying 
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||'^i||h2 + II-SiIIhi = £ for some e < 1/4. The corresponding initial data for (|2.2|) are given 
by 

V9(ti,x) = ipiix) + ipi{x) , r{ti,x) = rL{x)+fi{x) , (5.2) 
where ti = e''\ L = e^^/^ (Pl{x) = LN{x/L), tl^x) = (1 - rj{x/Lf Y/'^, and 

A direct cafoulation shows that there exists a constant Ci > (independent of L) such 
that ||(^i||h2 + ||fi||Hi < Ci(||'?/'i||h2 + ||si||hi)! where H|, are the Sobolev spaces H^' 
H^(R) equipped with the L— dependent norms 



1^11^2 = L-^^\\l + L-'\mh + , llflll. = L-'\\f\\l + L\\f'\\l . (5.3) 



Motivated by ( ^.2|) , we fook for a solution of (|2.2| ) of the form (p{t, x) = (pL(x)+(p{t, x), 
r{t, x) = tl^x) + f(t, x), where f satisfy the evolution system 

together with the initial condition ((^(ti), f(ti)) = ((^i,fi) G H|xH]^. If Cie < 1/4, 
Lemma |5.2| below shows that this initial value problem has a unique solution [if, f) G 
C{[ti,ti+T], H|xH}^), for some T > (independent of L). This solution depends continu- 
ously on the initial data (<^(ti), f(ti)) in H|^xH]^, uniformly in t G [ti,ti+T]. In addition, 
there exist C2 > 0, C3 > 1 (independent of L) such that 

II^WIIh2 +lini)llHi < C,it - t,) + CsC.e , (5.5) 

for all t G [ti,ti+T]. Finally, due to the parabolic regularization, (p{t,x) and f{t,x) are 
C°° functions of t, x for all t > ti. 

Having constructed the solution {if,f) of (|5.4| ), we now return to the variables {ip,s) 
defined by the relations (U), ( pll) . Setting cr = r — Ti and using the definitions above 
of L, ipL, tl, we arrive at the expressions 

^(n+a, = e-'^/2jY(^ga/2) _ ^^^^ ^ e-'^/^^^- V(^^e"/2, L^e") , 
s(ri+a, = 2 log[i?(0"^i?(Ce'^/^)] + 2 log[l + i?(ee'^/2)-if(eLe'^/2, LV)] (5.6) 
- log[l - 2R{0-\v'm{^, r)+^'(e, r)2)] , 



where < a < di = log(l + Te'^') and R{^) = V 1 - r/(0^. If we assume that C2T + 
CiCae < 1/4, then a direct calculation shows that {ip, s) G C([ri, ri+ai], H^xH"^) satisfies, 
for all T G [ri, ri+ai], 

||^(r)||H2 + ||s(r)||Hi < C4(r-rO + C5(||v^(e-)||H2 +||f(e-)||Hi) , (5-7) 

where C4 > and C5 > 1 are independent of L (or, equivalently, of ri). The proof 
of ( [5.7| ) relies on the properties of ?7(0 listed in Theorem |3]^ and on the fact that the 
dilation A ^ V^(A-) is a continuous operation in H'^(]R), G N. The uniformity in L of the 
constants C4, C5 follows from the definition of the scaled norms ( |5.3| ) and from the fact 
that < a <T uniformly in L. 
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By construction, (■?/', s) G C([ri, ti+cti], H^xH^) is a solution of the system ( |2.12|) 



satisfying {iIj{ti), s{ti)) = {ipi,si). The uniqueness of this solution and its continuous 
dependence on the data follow directly from the corresponding properties of the system 
( ^■4|) , see Lemma Finally, combining (|5.5| ), (|5.71 ), we obtain 



(r)||H2 + ||s(r)||Hi < C^CCe + {C, + C2C,e-){T - n) , 
for all r G [ti, ri+ai]. Therefore, we see that ( ^.11) holds if we set, for example, 

Ti = min (t , , e, = , K, = max (C1C3C5 , + C2C,{1+T^)) . 

This concludes the proof of Proposition □ 



Proposition ^]T| relies on a local existence result for the solutions of (|5.4|) which is 
the content of the next Lemma. Since the system ( ^.4|) is autonomous, we assume here 
(without loss of generality) that the initial time is ti = 0. We recall that H|, B.\ are the 
function spaces defined by the norms (|5.3|) . 

Lemma 5.2 

There exist T > 0, C2 > 0, C3 > 1 such that, for all L > 1 and for all (<^i,fi) G 
H^xH];^ such that ||<^i||h2 + ||^i||hi ^ 1/4, the system ( |5.4| ) has a unique solution (<^,f) G 



C([0, T], H|xH}^) satisfying ((^(0),r(0)) = {(pi,ri). This solution depends continuously 
on the initial data ((^i,fi) in H|xH]^, uniformly in t G [0,T]. Moreover, the bound 



< C2t + C3(||<^i||H? + llnllm) , (5.8) 



holds for all t e [0,T]. 



Proof: Lemma pl% is a standard local existence result, except that we have to control the 
dependence on the scaling parameter L > 1, and that we need one more derivative for (f 
than for f. Because of this imbalance, the apparently semilinear equation (|5.4]) behaves in 
fact like a quasilinear system. In particular, the constant C3 in ( |5.8| ) cannot be replaced 
by 1. 

Throughout the proof, we write [if, r) instead of {ip, f) for simplicity. The system ( |5.4| ) 
becomes 

dtif = dl^ + FL{v,r) , dtr = dlr + GL{^,r) , (5.9) 

where 

FL{^,r) = <f'[ + 2{rL + r)-\r'L + d^r){<f'L + d^if) , 
Gi((^,r) = r'l- (r(rL + 2r) + {d^^){2^'L + d,y^)){rL + r) . 

To avoid the difficulty related to the imbalance of derivatives, we first prove the existence 
of a unique local solution of (|5.9| ) in a subspace of H| x B.\^ in which the derivatives are 
balanced. This will be done using a standard contraction mapping argument. 

Let L > 1, and let ((^i,fi) G HlxH}^ satisfying mi = ||(/9i||h2 + ||ri||Hi < 1/4. For 
any T > 0, we denote by X{T) the Banach space 

X(T) = {(y;,r)|y;,rGC([0,T],Hi) , ^.y. G C([0, T], L^) , dl^p E L\[0,T],L')] , 
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equipped with the norm ||(v^, t)||x(t) given by 

max{ snp {\\rit)\\^i + L^^\\(p{t)\y ) , sup ||a^.^(t)||L- , (l[ ||a^(^(s)||^2 ds) 
'-0<t<T o<i<r V ^0 / 

We note ip{t) = e*'^^(^i, f(t) = e*^^fi, where e*'^^ is the heat kerneL Then (<^, r) G X(T) 
and ||(<^, 'r)llx(r) < 1/4 for any T < 1. Let B(T) be the ball of radius 1/4 centered at 
((^, f) in X(T). For all {(p,r) G B(T), we define 

<^(t) = te'^'-'^^"FMs),r{s))ds, r{t) = t e^'-'^''"GL{v{s),r{s)) ds . (5.10) 



We shall show that ((^,r) G X(T) and ||(<^, ^)||x(r) < 1/4 if T is sufficiently small (uni- 
formly inL). Indeed, since {(p,r) E B(T), we haye rL{x)+r{x,t) > inf^; rL(x) — ||r(t)||L°o > 
■\/2/3 — 1/2 > 1/4 for all a; G M, t G [0, T]. As a consequence, we have 

\\FL{^,r)\\^2 < yi\\L- + S\K+d,r\\^2y^+dM\L^ <CL~'^^ , 

\\GL{^,r)\\i^2 < \\r'l\\i^2 + (||r||L2||rL+2r||Loo + ||<9^.V2||l2 Pv^'l+^xV^IIl-) Iki+'^llL- 

(5.11) 

for some C > (independent of L). Therefore, using standard estimates for the heat 
kernel, we obtain for all t G [0,T]: 

^2<CL-'/H, \\d,0{t)\\^2<CL-'/'Vi , \\d,0mL-<CL~yH'/\ 
^2 < CL^IH , £ \m{s)\\l ds < CL-H . ^'-^'^ 

Moreover, differentiating Gl with respect to x and proceeding as above, we find 
\\d,GL{^,r)\\^2 < CL-^/^ + G\\dl^\\^2, hence 

||a.f(t)||L2 < \t j\\d,GLM\\l2ds^ ' < GL-^'H + CL-^'^Vt < GL-'/'Vt, 

(5.13) 

for all t G [0,r]. From (1021) , (|57[3| ), we conclude that \\{^,r)\\x(T) < GT^/^, uniformly 
in L > 1. This proves that the mapping M defined by M{if, r) = {(f + 0,r + f) maps the 
ball B{T) into itself, if T is sufficiently small. Using similar estimates, one shows that M 
is a contraction in B{T), hence has a unique fixed point {(p,r) G B{T). By construction, 
this fixed point is the unique solution of ( |5.9| ) in X{T) satisfying ((^^(O), r(0)) = ((^i,fi), 
and this solution depends continuously in X(T) on the initial data ((^i,fi) G H|xH^. 

It remains to verify that d^ip G C([0,T],L^) and that ( |5.8| ) holds. Since {(p,r) = 
{(p,f) + {(p,r), where (<^,r) is given by ( |5.10|) , and since ||(^(t)||H2 + ||f(t)||Hi < nii = 
||<^i||h2 + II^^iIIhi , it is sufficient to show that d^ip G C([0, T], L^) and ||'^(i)||H2 + ||^(^)||hi ^ 
C(mi + 1) for t G [0,T]. Appropriate bounds on ||(^||l2 and ||r||L2 are already contained 
in ( |5.12| ). To bound ||i9x^||l2, we observe that 

r \\d'Ms)\\h ds<2 f {\m{s)\\l2 + m{s)\\l2) ds < GL-H , (5.14) 
Jo Jo 
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by ( p. 12 ), hence the estimate ( 5.13| ) can be improved as follows: 

Wd^mh^ < it fc{L~' + \\d'Ms)\\l)ds] ' < CL-^'H. (5.15) 



To bound ||5a;(^||L2 and ||c)^(^||l2, we need to estimate dxFi. It is convenient here to write 
FL{^,r) = Fl(0,0) + Fi(<^,r), where ^^(0,0) = ^'i + 2ri^(^yri. Using (|l2D, it 
is straightforward to verify that 

On the other hand, using ( ^.12|) , ( ^.15| ) as well as various standard estimates for the heat 
kernel, it is not difficult to show that 

ro\\9lr{s)\\l.ds < CL-\ml + e) , £ ||9.r(.)||^. d. < CL-'Vt{m\ + e) , 

/o l|5.K^)llE^I|5.V(^)ll^2d. < CL~^Vt{ml + e) . ^ • ^ 

Note that the first estimate in ( p.l7| ) does not converge to zero as t ^ 0, since r(0) = fi 
belongs to }1\ only. Combining ( ^.16| ), ( ^.17|) , we thus find 

f \\dxh{^,r)\\l,<ls < CL-\ml + f) + CL-' f\\dl0\\lds. (5.18) 
Jo Jo 

This result implies that O^Fl G L'^{[0,T],V{R)) and ||(9^Fi((^, r) ds < CL~\ml + 
t^) + CL-H by (^A^), (§J^). It follows that e C([0,r],Hi) and 



||a.^(t)||L2 < {tJ^\\d,FLiip,r)\\lds} < CL-y'Vi{m, + t) + CL-^/H 
Wdimh^ < {j^\\dxFL{v,r)\\ldsy^' < CL-^/^{m, + t) + CL~y'Vi . 



In particular, ||9a;(^(i:)||L2 <CL ^/^(mi +t), which is the desired estimate. The bound on 
||9^(^||l2 is not sufficient yet, but replacing it into ( [5. 181 ), we find ||(9^Fi(v9, r)||^2 ds < 
CL~^{m1 + 1^), which in turn implies 



\\dl0{t)h2 < 1^ \\dlFL{0,0)h2ds+y^ \\d,FL{y^,r)\\lds^ ' < CL-'/\m,+t) . 
Thus, we have shown that ||(^||h2 + ||f||jji < C{mi + t) for all t G [0, T], and the continuous 



dependence on the data follows by the same estimates. The proof of Lemma 5.2 



IS 



complete. □ 



6 Energy estimates 

This final section is devoted to the proof of Theorem ^?T] using energy estimates. Let 
■r]+,T]_ G ( — 75,75), V+ 7^ and assume that (ipys) G C([ri, r2], II^(M) xII^(]R)) is a 
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solution of ( |2.12|) defined on some time interval [Ti,r2] C IR+ and satisfying ||'?/'(r)||H2 + 
||s(t)||hi < £ for all r G [ti, r2], for some sufficiently small e > (to be specified later). We 
set {ipiy ^i) = ii^iTi), s{ti)). To control the evolution of the solutions (V^, s), we introduce 
the energy functionals 



E,Mt) = i/^(35W(r,0^ + ^('^)(T,0')de, A; = 0, 1,2 



(6.1) 



(36 
s 



where 5 = ip' . 

The use of the quadratic forms ?,{5^''^Y + {s^'^^'Y instead of {d'^^^Y + {s^^^Y (13) can 
be understood as follows. For any /3 > 0, the system (|2.12|) , (|2.14|) for 5, s can be written 
in the form 

)-(rt(,) af(:))('''>«'^«--^-^'-')- («-^) 

where 0(77), ai (77), 02(^7) are defined in (p.l3|) and the remainder Rp contains only lower 
order derivatives of 5, s. If Mp{ri) denotes the 2x2 matrix in the right-hand side of ( |6.2| ), 
then TYMpij]) = 2 and DetM/s^i]) = 1 for all /5 > 0, \r]\ < so that 1 is always a 

double eigenvalue of Mg. However, the evolution of the functionals / (/5^(5'''^'*)^ + (s^'^'')^)d^ 
is determined (up to lower order terms) by the symmetrized matrix M| = ^(Mg + M|), 
which is not necessarily positive definite. Our choice of Ek+i{r) in ( p.l[ ) is motivated by 
the fact that M| is positive definite for all \7]\ < l/y/S if and only if /? = v^. In this case, 
the eigenvalues are given by 

f^±iv) = 1± ^(137)^(3 -2^' + 3^^)- (6.3) 

In the sequel, we set r]o = max(|?7+|, |?7_|) < fj = |(?7o + 1/v^), /i = fJ^-if]), 

a = a{fj) = (1 — 3?7^)/(l — f/^), and we assume that e < fj — rjQ. This implies in particular 
that \r]{T,0\ = |^(r,0 + 5(r,OI <r?o + £<r/< 1/v^for all ^ e R, r e [n, T2]. 

Lemma 6.1 

Under the assumptions above, we have Eq G C^([ri,r2]) and, for all z/ > 0, there exists a 
constant K2 > such that 

3 _ I , ^ I ,2 



Eoir) < -\^--ujEoir)-a j d'd^ + K^j s'^ di , (6.4) 
for all T G [ti, T2\, where a = a{ff) = (1 — 3r7^)/(l — ff) > 0. 

Remark. Here and in the sequel, K2,K^,... denote positive constants depending on 
r]^,ri_, but not on the interval [ti, T2] C M+ nor on the solution ('i/', s), provided ||'?/'(r)||H2 + 
l|s(r)||Hi 

Proof: By hypothesis on ip, we have Eq G C([ri,r2]. To prove the differentiability, we 
first assume that the initial data {ipi, si) belong to i5(R), the space of rapidly decreasing 
C°° functions on R. Then ^(r),s(r) G S{R) for all r G [n,T2], Eq G C°°([ri, r2]), and a 
direct calculation shows that 

Eo{r) = - J i:\A{^+ij')-Amd^-^ J ^ J ^^'^^^ " ^^'^^ 
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In the general case, we use the fact that the solution (ip^r), s{t)) depends continuously 
on the data {ipi, Si) G H^(R)xH^(M), see Proposition |5l]. If F{t) denotes the right-hand 
side of (|675|), we see that (for fixed r) both Eq{t) and Eq{ti) + F{t) dt are continuous 
functions of (ipiy^i)- Since these functions coincide on a dense subset (namely, 5^(M)), 
they must be equal everywhere. This shows that £"0 G C^([ri,r2]) and satisfies ( |6.5|) . 

To prove (|6.4| ), we first note that A{rj + ip') — A{rf) = a{'fj)ip' for some r/ G [Tj,rj + 
Since |j7| < fj hj assumption, we have tp'{A{rj + ip') — A{rf)) = a{fi)ip''^ > dip''^. On the 
other hand, for all z/ > 0, one has jz/sVI < I^VI ^ fV"^ + i^-^'^- We thus find 

Mr) <-aj ^"de- (^-0 / ^'^i + K, j s" , 
where K2 = (2z/)~^. This concludes the proof of Lemma |6.1| . □ 



Lemma 6.2 

Under the same assumptions, we have Ei G C^{[ti,T2]), and there exists a constant > 
such that 

Ei{r) < -fiE^ir) - ^e^ J + ^3 (e"- + /(^' + ' 
for all r G [ti, T2], where fl = ^i-{ff) is given by ( |6.3|) . 



Proof: As in the proof of Lemma |6]1|, the differentiability of j and j s^d^ is easily 
verified using a density argument. From ( |2.14|) , we have 

jSSdi = -JS'{A{?] + S)-A{?])yd^-\JS^d^-Jris'S'd^ 

= - J{a{v)6" + vs'6') de - i / - / Wiaiv + 5) - a(^) • 

Since \^'6'{a{^+6) - a{7j))\ < \7j'\\a'{f])\\66'\ < f5'^ + Ci6^ for some Ci > 0, we obtain 
j 55di < ~ j {a{ri)5'^ + ris'5') ^i + jj + Ci j 5^ d^ . (6.6) 

On the other hand, using ( p.l2| ) and integrating by parts, we find 

Jssd^ = -J {ai{r])s'^ + a2{r])s'6')d^-y s^d^-2e^ J{l-r]^)s{e' -l)d^ 
+ J {^ss'"^ - a[{r])r]'ss' + a2{ri)r}"s - a^irj)!:]' 5' s + a^ij]) sr}''^) d^ . 

Since rf < 1/3 and |s| < e < 1/2, we have 2(1 — r)'^)s{e^ — 1) > s^. The other terms 
are bounded as follows: < es'^, \a[{ri)rj'ss'\ < C\{rj' + 6')ss'\ < C{\ss'\ + e\s'6'\), 

\a2{v)v"s\ < C|s|e-I«l, \a'2{vWS's\ < C{\s5'\ +€5'^), \a3{v)sv'^\ < C{\s\e-\^\ + e5'^). We 
thus obtain 

Jssd^ < -J{a^{v)s" + a2{v)s'd')d^-{\ + e^)Js'd^ 
+C2 /(|s|e-l«l + \ss'\ + \sS'\ + e{s'^ + <5'')) d^ , 
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for some C2 > 0. Now, assuming that e < /i/(4C2), we have C2e{s''^+S''^) < /i(s'^+(5'^)/4. 
In addition, C2|s|e-I«l < h^e^ + Ce-"e-2|«l and Cadss'l + \sS'\) < Ji{s'^ + (5'^)/4 + Cs^. 



Therefore, 

,/2 



+f/(.'^ + 5'^)de + C3e-, ^^-^^ 

for some C3 > 0. 

Finally, by definition of /i-(?7) (see ( |6.3|) ), we have the inequality 



J (3a{r])6'^ + (3r/ + a2(r/))s'(5' + ai(r/)s'') d^ > 2fi_{r])E2 = 2fiE2 . (6.8) 
Thus, multiplying ( |6.6| ) by 3 and adding the result to (|6.7| ), we obtain 



for all r G [ti, T2]. This concludes the proof of Lemma |6]^. □ 



Lemma 6.3 

Under the same assumptions, {'ip,s) G L2([ri, rg], H^(M) xH^(R)), E2 G W^'^([ri, ra]), and 
tiere exists a constant K4 > sucii that 

Mr) < -fiEsir) - V j s'^ de + (^e"" + j d^ + j (s'' + 5^ + 5'^) d^^ . (6.9) 

Remark. Due to the regularization, one also has (■?/', s) G C((ri, r2], H^(M) xH^(M)), i?2 G 
C"'^((ri, r2]), and ( |0|) holds for all r G (Ti,r2]. 

Proof: As in the proof of Lemma |6.1| , we first assume that iI){t),s{t) G iS(R) for all 
T G [ti, r2]. Then, we have from ( p.l4| ) 



j = - j 5"5di = - j 6"{A{^+6)~A{^)"di + \ j 6" d^ - j 6" {r^s')' d^ . 

(6.10) 

Since {A{?j+5)-A{?]))" = a(r/)5"+ (a(?7 + (5) -a(^)^"+ (a'(?7 + (5) -a'(^)(i7')^ + a'(r?)(2i7' + 
d')S' and {rjs')' = rjs" + (jf + S')s', we obtain using straightforward bounds 

J6'6'd^ < -J{a{7])6"'' + r]s"6")d^ + \j6'''d^ 

+C4/ |5"|(|<5| + \S'\ + \s'\ + \S'^\ + \s'S'\) de , 

for some C4 > 0. Now, C4\6"\{\6\ + \6'\ + \s'\) < §5"^ + ^(^^ + 6'^ + s'^) and 

C,\\6"6'{\6'\ + \s'\)\\l^ < C,\\6"\\%'\\6'\\]!,'{\\6'h. + \\s'h.) < 2sC4S"\\%'\\6'\\l!.' 

< IW\\h+Ce^6'\\l , 

hence 

1 6'6' < - 1 ia{v)S"' + Vs"S") + ^ j ^i + C,j {6' + 6" + s") d^ , (6.11) 
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for some C5 > 0. 

On the other hand, assuming always iP{t), s{t) G iS(R), we have from ( p.l2| ) 



Js's'd^ = -Js"sd^ = -J{a,ir^)s"' + a2{v)s'Y)d^ 

+ 1 J de + 2e- / s"{l - v'){e^ - 1) d^ - / a,{v)s"v" ■ 



Integrating by parts, we obtain 

-J a,{7^)s"v"d^ = I s'MvW" + aMv"iv+S'))d^ <C j |,'| (e-l«l + d^ , 

-jaMs"v"di = fs'{ai,ir^W' + 2as{vWv")d^ 

< C/ |s'|(e-l«l + \6'\ + \6"\ + \6''\ + \6'6"\) d^ , 

2e^ J s"{l-ri'^){e' -l)d^ = -2e^ J{1 - ri'^)e's''^ d^ + Ae^ J riri'{e' - l)s' d^ 

< -e"/s''de + Ce^/|ss'|(l + |(5'|)de . 

Therefore, 

J s's'd^ = - l(aMs"' + a2{v)s"S")d^+ Q - e^) / d^ + J Rd^ , 

where \R\ < Ce\s'\{e-\^\ + \5'\ + \S"\ + + \5'5"\) + W\ss'\{l + \5'\) for some Cg > 0. 
Using the bounds C6|s'|e-I«l < ^e^s'^ + Ce-^e'^l^l and 

Ce\\s'{\6'\ + \6"\ + \6"\ + \6'6"\)h. < ^\\6"\\l + C{\\s'\\l + \\6'\\l) , 



we find 



Cee-\\ss'{l + \6'\)h^ < \e^\\s'\\l + Ce^Ml 



Js's'd^ < -Jiaii7])s"^ + a2iv)s"6")d^+{C7-le-)Js'^d^ 
+ 1 f 6'" de + C, (e-- + fiefs' + 6") d^) , 



(6.13) 



for some C7 > 0. Finally, combining (|6.11|) , ( |6.13|) and using the analogue of ( |6.8|) , we 



arrive at ( |6.9| ). This proves the claim when iIj{t), s{t) G 5(]R). 

To infer the general case, we use again a density argument. Integrating ( |6.9|) , we 
obtain 

^2(r2) +Ji r E^{T)dT < E2in) + j ' F(r) dr , (6.14) 

where F(r) < C{\\iIj{t)\\1, + ||s(r)|||J for all r G [n,T2]. Since S\R) is dense in 
H2(M)xHi(M), the estimate (|1|) shows that, if {ip,.s) G C([ri, ts], H2(M) xH^M)) is 
any solution satisfying the usual assumptions, then (■?/', s) G L^([ri, r2], H^(M) xH^(R)). 
Using this result, it follows immediately from (|6.10|) , (|6.12| ) that E2 G L^([ri,r2]), hence 



E2 G W^'^([ri, T2]), and the same calculations as above show that ( |6.9| ) holds in the general 
case. This concludes the proof of Lemma |6.3|. □ 



Aa a consequence of Lemmas p?T| , |0| , we have the following estimate: 
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Proposition 6.4 

There exist e2> 0, K^yi such that, if {ip, s) G C([ri, rs], H2(]R) xH1(M)) is any solution 
of ( p.l2| ) satisfying ||'?/'(r)||H2 + ||s(r)||Hi < £2 for all r G [Ti,r2], then 



MIIh^ + PWIIhi < i^5e-^/^(l + 6-/2(11^(^^)11^, + , (6.15) 

for all r G [ti, T2]. 

Proof: Fix 7 G (1/2,3/4) and let u = 3/2-27. We set €2 = min(r7 - 770, /2/(4C2)), where 
C2 is defined in tlie proof of Lemma |6.2|. Tlien, for A, i? > large enougfi, we define 



G2{r) = B{AEo{t) + Ei{t)) + E2{t) , r G [n,T2] . 
For instance, we may clioose aA = K3 + 11/4 and assume tliat B > 2K4 + 1, SfiB > 



2K4 + 9/2. Tfien, using Lemmas pTTI , |673| , we find 



G2(r) < -27G2(r) + ^(C^s - ^ (s' + s'') d^ + Cge"- , r G [n, r2] , 

for some Cs > 0. Integrating tliis inequality, we easily obtain 

G'2(r) < Cg (G'2(ri)e-2^(^--) + e^^) , r G [n, r2] , 

for some Cg > 0. Since 27 > 1 and G2{t) is equivalent to ||'^(t)||^2 + ^(t)!!^!; this proves 
( |6J[5| ). □ 



Combining Proposition ^.1| and Proposition |6.4| , we are now able to complete the proof 
of Theorem [4.1| . 



Proof of Theorem |4.1| . Fix 7 G (1/2, 3/4), and let £3 = min(£:i, £2)5 where ei is defined 
in Proposition ^TT] and £2 in Proposition |6.4| . We set 



£0 



g3 

4ir, ' 



max ( 0, —2 log 



g3 

4ir, 



where i^s is defined in Proposition Then, for all {iPo,sq) G H2(R)xH^(]R) satis- 
fying IIV^oIIh^ + II -50 II Hi < ^0) the system ( p.l2| ) has a unique global solution (V', s) G 
C([ro, 00), H2(R) xH-^(M)) with initial data {iP{tq), s{tq)) = {ipQ,so). Indeed, according to 



our local existence result (Proposition |5.1|), it suffices to show that the solution (■?/'(r), s(r)) 
satisfies ||'0(t)||h2 + ||'S(r)||Hi < £^3 whenever it exists. Assume on the contrary that there 
exists a time T3 > tq such that ||'?/'(r3)||H2 + ||s(r3)||Hi = £3 and ||-?/^(r)||H2 + ||s(r)||Hi < £3 



for all r G [tq, T3). Then, according to Proposition |6.4| , we have 



r3)||H2 + ||s(r3)||Hi < K,e-^-^/^l + eoe'/') < i^g (e"""/' + ^o) < 



£3 



which is a contradiction. Therefore, {iP{t), s{t)) exists for all r > tq and satisfies 
(r)||H2 + ||s(r)||Hi < £^3/2. In particular, we have from ( |6.15| ) 



r)||H2 + p(r)||Hi < Ce-^/' , r > 



To 



(6.16) 
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for some C > 0. It remains to show that ||'?/'(r)||H2 + ||s(r)||Hi = 0(e~^'^) as r ^ +00. In 
fact, we shall prove that ||'?/'(r)||H2 = 0{e~^'^) and ||s(r)||Hi = 0(e~'^) as r ^ +00. 
We begin with ||s(r)||L2. From ( |6.7| ) and ( |6.16| ), we have for all r > tq: 



d 

dr 



j s^di< (Ci - e") j s^di + Ci (^-^ + j 5'^ < -e" j + Cse" 



for some 6*1,6*2 > 0. This differential inequality implies that ||s(r)||L2 = 0{e '^) as 
r +00. Indeed, let /(r) = e^'^||s(r)||^2, and assume that e"^ > 4. Then /(r) < 
2/(r) + e"(C2 - /(r)) < e'{C2 - /(r)/2), hence /(r) < 26*2 + 1 if r is sufficiently large. 

To prove that ||s'(t)||l2 = C(e"'^) as r — +00, we first have to show that E^ij) = 
0(e"'^), see ( |6.1j ). This estimate can be established using exactly the same techniques as 
above. Indeed, due to the parabolic regularization, -E'3(r) is continuously different iable 



for all r > Tq. Thus, proceeding as in Lemma |6.2| or one verifies that there exists a 
Kq > such that 

Mr) < -le-Js"^d^ + K,J{s"^ + 6^ + 6'^ + 6"'')d^ 

for all r > Tq + 1 (say). Then, defining G^lr) = DG2{t) + E-^{t) for some sufficiently 
large D > and proceeding as in Proposition |6.4| , we obtain 

Gs{r) < -27G*3(r) - ^e^ f {s' + s" + s'") d^ + Kre'^ , 



for some > 0. By Gronwall's lemma, we have 



G*3(r) + I 



^e'\\s{t)\g2dt < Cse-^ , r > tq + 1 



(6.17) 



•ro + l 



for some C3 > 0. In particular, E^^r) = 0{e '^) as r ^ +00. Using this result, we deduce 
from (|67[3| ) 

ifs'^d^ < {C,-e-)fs''d^ + C,{e-^ + J{e^s' + 6" + 6"')d^) 
< (C4 - e-) / s'^ de + C^e-- , 

hence ||s'(r)||L2 = 0{e~'^) as r ^ +00. 

Finally, choosing A, B > large enough, we define 



5" d^ . 



H2ir) = B[A ^lj'd^+ 6'd^ 



Using (|6.4| ), ( |6.6|) , ( |6.11|) and proceeding as in the proof of Proposition |6^ , we obtain 

Mr) < -2jH2{t) + C4s{t)\\1, , (6.18) 
for some Cq > 0. To control the last term in the right-hand side, we recall that 



e(2T+i)*||s(t)||^2 dt < 2C*3e(2^-i)^ , r > tq + 1 



ro + l 



26 



by ( CT ). Since 27 + 1 > 2, it follows that e^^\\s{T)\\l2 dr < 00 for all A < 2. 
Therefore, we conclude from ( |6.18|) that 



hence ||V'(t) ||h2 = 0{e as r — > +00. The proof of Theorem [4.1| is now complete. □ 
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